Abstract. Let G = (V, E) be a simple graph of order n and the normalized Laplacian eigenvalues ρ 1 ≥ ρ 2 ≥ · · · ≥ ρ n−1 ≥ ρn = 0. The normalized Laplacian energy (or Randić energy) of G without any isolated vertex is defined as
1. Introduction. Let G be a simple graph with vertex set V (G) = {v 1 , v 2 , . . . , v n } and edge set E(G). Then its order is |V (G)|, denoted by n, and its size is |E(G)|, denoted by m. The degree d i of a vertex v i of a graph G is the cardinality of the neighborhood N i of the vertex v i . The maximum and second maximum degrees are denoted by ∆ 1 and ∆ 2 , respectively. If vertices v i and v j are adjacent, we denote that Several bounds on Randić energy can be found in the literature, see [9, 10, 14] . Within classes of molecular graphs, a relatively good (increasing) linear correlation between Randić energy and energy of graphs has been investigated in the recent article by Furtula and Gutman [13] . For more information on Randić energy, we refer to the reader [11, 15] .
The general Randić index R α (G) of graph G is defined as the sum of (d i d j ) α over all edges v i v j of G, where α is an arbitrary real number, that is,
The general Randić index when α = −1 is
Some basic mathematical properties of R −1 (G) can be found in [5, 18] and the references therein. Throughout this paper we use P n , C n , S n , K n and K p, q (p + q = n) to denote the path graph, the cycle graph, the star graph, the complete graph and the complete bipartite graph on n vertices, respectively. For other undefined notations and terminologies from graph theory, the readers are referred to [2] .
The tree of odd order n (≥ 1), containing with n−1 2 pendant vertices, each attached to a vertex of degree 2, and a vertex of degree n−1 2 , will be called the The paper is organized as follows. In Section 2, we give a list of some previously known results. In Section 3, we obtain a lower bound on ρ 1 (G) for connected graphs and characterize the extremal graphs. Using this result we present some bounds on the normalized Laplaican spread (ρ 1 − ρ n−1 ) and Nordhaus-Gaddum type results for ρ 1 . In Section 4, we prove Conjecture 1.1 for starlike trees.
Preliminaries.
Here we recall some basic properties of the normalized Laplacian eigenvalues which will be used in next two sections.
with equality holding if and only if
with left equality holding if and only if G ∼ = K n , and right equality holding if and only if G ∼ = K p, q with n = p + q.
Lemma 2.3. [7]
Let G be a bipartite graph of order n. For each ρ i , the value 2 − ρ i is also an eigenvalue of G.
The join G 1 G 2 of graphs G 1 and G 2 is the graph obtained from the disjoint union of G 1 and G 2 by adding all edges between V (G 1 ) and In [4] , Cavers found the normalized Laplacian spectrum of G ∼ = K 1 q K s with n = 1 + q s:
Note that G ∼ = K 
By multiplying d i x i to each side of the above equation, we get
Taking summation on the above from i = 1 to n, we get
From this we get the following result: Lemma 2.6. [7] Let G be a graph of order n with non-isolated vertices. Then
Lemma 2.7. Let K t be a complete graph on t vertices with V (K t ) = {v 1 , v 2 , . . . , v t }. Also let H be a graph of order n − t with V (H) = {v t+1 , v t+2 , . . . , v n }. Fix q (1 ≤ q ≤ n − t), then the resultant graph G = (V, E) is as follows:
Then G has at least t − 1 equal normalized Laplacian eigenvalues t+q t+q−1 .
Proof. From (2.2), we get
One can easily see that ρ = t+q t+q−1 with corresponding eigenvectors
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Extremal graph on normalized Laplacian spectral radius and energy 241 satisfy the above relation. Since these eigenvectors are linearly independent, we get the required result.
Proof. By Lemmas 2.5 and 2.7, we have two normalized Laplacian eigenvalues of G are n n−1 with multiplicity n − a − 1 and 1 with multiplicity a − 1. Since ρ n = 0 and n i=1 ρ i = n, we get the required result.
For a graph G = (V, E), a vertex cover of G is a set of vertices C ⊂ V such that every edge of G is incident to at least one vertex in C. A minimum vertex cover is a vertex cover C such that no other vertex cover is smaller in size than C. The vertex cover number c is the size of the minimum vertex cover.
Lemma 2.9.
[6] For a tree with vertex cover number c, the multiplicity of the normalized Laplacian eigenvalue 1 is exactly n − 2 c.
A matching M in G is a set of pairwise non-adjacent edges, that is, no two edges share a common vertex. A maximum matching is a matching that contains the largest possible number of edges. The matching number ν of a graph G is the size of a maximum matching. Denoted by T (n, k, n 1 , n 2 , . . . , n k ), is a tree of order n formed by joining the center v i of star S ni to a new vertex v for i = 1, 2, . . . , k with
In particular, we have T (n, k, 2, 2, . . . , 2) ∼ = Several lower bounds on ρ 1 in terms of graph parameters (n, m, ∆ 1 etc.) are known, see [16] and the references therein. Moreover, it is already known that the complete graph gives the minimal normalized Laplacian spectral radius of a connected graph G of order n. In this section our aim is to find the second minimal normalized Laplacian spectral radius of a connected graph G of order n. For this we give a lower bound on ρ 1 of a connected graph G and characterize the extremal graphs.
Theorem 3.1. Let G ( = K n ) be a connected graph of order n. Then
with equality holding if and only if G ∼ = K n − e or K 1 s, s with 2 s + 1 = n (see, Fig. 1 ).
Proof. First we prove this result when P 4 or C 4 or S 4 is an induced subgraph of G. Suppose that the path P 4 :
and all the other components are 0 in (2.3). We have
where 0 ≤ a ≤ n − 4. Since each vertex in CN is adjacent to {v i , v j , v k , v ℓ } and |CN | = a, we must have
and hence 3 ≤ a ≤ n − 4. Setting 
from the above result, we have Next suppose that the cycle 
Next we assume that v 2 , v 3 and v 4 have exactly one common neighbor. Hence
and all the other components are 0 in (2.3), we have
We now consider the graph G with {S 4 , P 4 , C 4 }-free. By Lemma 2.4, we have G ∼ = K r s, t (r + s + t = n) as G is connected. Then by Lemma 2.7, one can easily get that the normalized Laplacian eigenvalues of G are
and the remaining three eigenvalues satisfy the following equations:
Therefore the remaining three normalized Laplacian eigenvalues of G satisfy the following equation 
.
Without loss of generality, we can assume that t ≥ s. We now consider two cases (i) r = 1, (ii) r ≥ 2. Case (ii) : r ≥ 2. If s = t = 1, we have G ∼ = K n − e. By Lemma 2.8, ρ 1 (G) = n+1 n−1 and hence the equality holds in (3.1). Otherwise, we consider the following two subcases:
Subcase (a) : s = 1 and t ≥ 2. In this subcase, from (3.3), we get
. For n = 5 or 6, one can check directly that
Otherwise, n ≥ 7. Since t ≥ 2 and n ≥ r + 3, we have
Again (3.4) holds and hence the inequality in (3.1) is strict.
2, 2 and hence the inequality in (3.1) is strict. Otherwise, n ≥ 7. Now,
Using the above theorem, we can obtain a lower bound for the normalized Laplacian spread (ρ 1 −ρ n−1 ) of all graphs G ( = K n , K n ) with fixed order n and characterize the extremal graphs. Proof. First we assume that G is a disconnected graph. Since G = K n , then G has at least one edge. Thus we have ρ 1 > 1 and ρ n−1 = 0. Hence ρ 1 − ρ n−1 > 2 n−1 .
Next we assume that G is a connected graph. Since G = K n , by Lemma 2.1 and Theorem 3.1, we have 
By Lemma 2.8, we have ρ n−1 (K n − e) = 1. This completes the proof of the theorem.
We now give the first ⌊ n+2 2 ⌋ minimal normalized Laplacian spectral radius of graphs with order n.
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Proof. We have
For n = 2p + 1, we have
For n = 2p, we have
First we assume that G is a connected graph. For G = K n , by Theorem 3.1, we have
with equality holding if and only if G ∼ = K n − e or K 1 s, s with 2s + 1 = n. From the above results, we get the required results in (3.5) and (3.6).
Next we assume that G is a disconnected graph. Let G 1 , G 2 , . . . , G k be the k (k ≥ 2) connected components in G. Also let n i be the number of vertices in G i ,
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and hence the two inequalities hold in (3.5) and (3.6). Otherwise, n 2 = 1. Then
We consider the following two cases:
and hence the inequality (3.5) holds. Otherwise,
and hence the inequality holds in (3.7) , that is, the inequality holds in (3.5). Otherwise, G 1 = K n−k+1 . Using Theorem 3.1, we get
and hence the inequality holds in (3.5).
Case (ii) : n = 2p. Similarly, as Case (i), we consider k ≥ p + 1 and k ≤ p, and we can see that the inequality holds in (3.6).
We now obtain Nordhaus-Gaddum type results on ρ 1 (G).
Theorem 3.4. Let G ( = K n , K n ) be a graph of order n. Then
with equality holding if and only if
Hence the equality holds in (3.9). Otherwise, n ≥ 4. One can easily see that both G and G, or one of them must be connected. Without loss of generality, we can assume that G is connected. If G is connected, by Theorem 3.1 we have
n−1 , by Theorem 3.1. Next we only have to consider the remaining case:
. By Lemma 2.8, we have ρ 1 (G) = 1 + i n−1 (2 ≤ i ≤ n − 1) and hence 
This completes the proof of the theorem.
Theorem 3.5. Let G be a graph of order n (> 2). Then
with equality holding if and only if
Proof. One can easily check that S 3 , P 4 , K 2,n−2 and K 2 K n−2 satisfy the equality in (3.10). Otherwise, n ≥ 5 and G = K 2,n−2 , G = K 2 K n−2 . By Lemma 2.2, we can immediately get ρ 1 (G)+ ρ 1 (G) ≤ 4. Suppose that equality holds in (3.10). Then by Lemma 2.2, both G and G have at least one connected bipartite component. Without loss of generality, we can assume that G is connected. Since G is a bipartite graph with n ≥ 5, then there is at least one independent vertex subset S of V (G) with |S| ≥ 3. Then K 3 is an induced subgraph of G. If G is connected, then G can not be a bipartite graph, a contradiction. Otherwise, G is a disconnected graph. Then G must be complete bipartite graph K p, q and hence G ∼ = K p K q (p + q = n). Since n ≥ 5 and ρ 1 (G) = 2, then p = 2 or q = 2, and hence G ∼ = K 2, n−2 , a contradiction. This completes the proof of the theorem.
4. Normalized Laplacian energy of starlike tree. A tree is said to be starlike if exactly one of its vertices has degree greater than two. By S(n 1 , n 2 , . . . , n k ) we denote the starlike tree which has a vertex v 1 of degree k ≥ 3 with n 1 ≥ n 2 ≥ · · · ≥ n k ≥ 1 and which has the property S(n 1 , n 2 , . . . , n k ) − v 1 = P n1 P n2 · · · P n k .
This tree has n 1 +n 2 +· · ·+n k +1 = n vertices. In particular, we have S(2, 2, . . . , 2) ∼ = n−1 2 -sun, where n is odd. Let s = |S| (|S| is the cardinality of set S) be the nonnegative integer such that S = {i : n i is odd, 1 ≤ i ≤ k}.
Banerjee et al. [1] proved that for starlike tree T ∼ = S(n 1 , n 2 , . . . , n k ), T has the matching number 
